BRUNNIAN BRAIDS ON SURFACES 



V. G. BARDAKOV, R. MIKHAILOV, V. V. VERSHININ, AND J. WU 

Abstract. We determine a set of generators for the Brunnian 
braids on a general surface M for M ^ S'^ or RP^. For the case 
M = 01 KP^, a set of generators for the Brunnian braids on M 
is given by our generating set together with the homotopy groups 
of a 2-sphere. 
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1. Introduction 

Let M be a general compact connected surface, possibly with bound- 
ary components and 5„(M) denotes the n-strand braid group on a 
surface M. From the point of view of braids compactness of a surface 
is not essential: braids rest the same if you replace a boundary compo- 
nent by a puncture. Essential is that the number of punctures is finite, 
so that the fundamental group and the braid groups will be finitely 
generated. 

A Brunnian braid means a braid that becomes trivial after removing 
any one of its strands. The formal definition of Brunnian braids is given 
in Section [2l A typical example of 3-strand Brunnian braid on a disk 
is the braid given by the expression (af ^o"2)^, where cxi and (T2 are the 
standard braid generators. In picture, af ^(T2 corresponds to the braid 
operation on three strands which consists of taking the crossing of the 
first two strands with the first strand above the second one followed 
by the crossing of the last two strands with the last strand above the 
second one. This is a usual operation that women are doing to construct 
their braids. If a woman repeats the braid operation ajf ^cr2 k times, 
where A; is a multiple of 3, then she obtains a Brunnian braid. 

Let Brun„(M) denote the set of the n-strand Brunnian braids. Then 
Brun„(M) forms a subgroup of Bn{M). A classical question proposed 
by G. S. Makanin [T7] in 1980 is to determine a set of generators for 
Brunnian braids over the disk. Brunnian braids were called smooth 
braids by Makanin. This question was answered by D. L. Johnson [11] 
and G. G. Gurzo [10]. A different approach to this question can be 
found in [TH [20] . In 70ies H. W. Levinson [T2| [T3] defined a notion of 
k-decomposable braid. It means a braid which becomes a trivial after 
removal of any arbitrary k strings. In his terminology decomposable 
braid mean 1- decomposable and so, Brunnian. 

A connection between Brunnian braids and the homotopy groups of 
spheres was given in [3]. In particular, the following exact sequence 

(1.1) 1 ^ Brun„+i(52) ^ Brun„(L)2) ^ Brun„(^2) n^-iiS^) 1 

was proved for n > 4. 

In Birman's book [H Question 23, p. 219], she asked to determine a 
free basis for Brun„(Z)^) fl Rn-i where 

R^_, = Ker(5„(Z}2) ^ B,,{S')). 
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Her motivation was that the kernel of the Gassner representation is a 
subgroup of Brun„(D^)n-R„_i. From the exact sequence (11 .ip it follows 
that Birman's question for n > 5 is about a free basis of Brunnian 
braids over the sphere S"^. As far as we know this question remains 
open. 

The purpose of this article is to determine a set of generators for 
Brun„(M) for a general surface M. We are able to determine a gener- 
ating set for Brun„(M) except two special cases where M = S"^ or MP^. 
For the case M = S"^ or MP^, we are able to determine a generating 
set for a (normal) subgroup of Brun„(M) with the factor group given 
by7r„_i(S2). 

We will use the notion of symmetric commutator subgroup. Given a 
group G, and a set of its normal subgroups Ri, . . . , Rn, {n > 2) denote 

where E„ is the symmetric group of degree n. 

Let P„(M) be the n-strand pure braid group on M. Let D'^ be a 
small disk in M. Then the inclusion f : D "-^ M induces a group 
homomorphism 

PniD^) ^ Pn{M). 

Recall that the pure Artin braid group Pn{D'^) is generated by the 
elements 

for 1 < i < J < n. Let AjjfM] = /*(Aij) and let {{Ai^j[M]))^ be the 
normal closure of ,, [M] in Pn{M). Note that a set of generators for 
{{Aij[M]))P is given by (3Aij[M](3-^ for (3 E P„(M). Thus a set of 
generators for the iterated subgroup 

[((A,„[M]))^, ((A2,„[M]))^, . . . , ((A„_i,„[M]))^]5 

can be given. 

Now our determination for Brun„(M) is as follows. For the cases 
n < 3, the determination is given in Propositions 13.31 13.61 and 14.91 by 
explicit computations. For n > 4, the answer is as follows. 

Theorem 1.1 (Theorem 13.101) . Let M be a connected 2-manifold and 
let > 4. Let 

R^{M) = [((Ai,„[M]))^, ((A2,„[M]))^, . . . , ((A„„i,„[M]))^]5 

be the symmetric commutator subgroup. 
(1). IfMy^S^ or RP2, then 

Brun„(M) = Rn{M). 
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(2) . If M = S"^ and n> 5, then there is a short exact sequence 

(3) . If M = MP^, then there is a short exact sequence 

i?„(Mp2) ^ Brun„(Rp2) ^ 7r„_i(S2). 

Remarks. 1. Assertion 1 holds for each n > 2. Assertion 2 fails for 
n = 3,4. A free basis for Brun4(S'^) has been given in [3]. Assertion 3 
fails for n = 2,3. The determination of Brun2(MP^) and Brun3(]RP^) 
are given in section |H 

2. In the classical case where M = D^, assertion 1 gives a bet- 
ter format for answering Makanin's question as we describe Brunnian 
braids as an explicit iterated commutator subgroup. Assertion 2 was 
essentially given in |3l Theorem 1.2]. Here we give an explicit determi- 
nation for the kernel of Brun„(S'^) — )■ 7r„_i(S'^) for n > 5. Assertion 3 
gives a new connection between the Brunnian braids and the homotopy 
groups. The first case in assertion 3 {n = Aa2) is that the Hopf map 

— 7- 5*^ lifts to a 4-strand Brunnian braid on MP^. 

3. For the classical case the inclusion 

Rn{D^) ^ Brun„(D') 

was remarked by Levinson [13], p. 53. 

By Corollary 12. 4[ Brun„(M) is a normal subgroup of i?„(M) for 
n > 3. As an abstract group, Brun„(M) is a free group of infinite 
rank for n > 3 with M ^ S"^ or ]RP^ for n > 5 with M = S"^ and 
for n > 4 with M = RP^. It comes out a natural question whether 
the factor group i?„(M)/Brun„(M) is finitely presented. Our answer 
to this question is positive. 

Theorem 1.2. Let M be a connected compact 2-manifold. Then the 
factor groups Pn(M)/Brun„(M) and i?ri(M)/Brun„(M) are finitely 
presented for each n > 3. 

The article is organized as follows. In Section [2l we give a review on 
Brunnian braids. The determination of a generating set for Brunnian 
braids is given in section [3l where Theorem 13.101 is Theorem 11.11 In 
section HJ we compute the 3-strand Brunnian braids on the projective 
plane. The proof of Theorem 11.21 is given in section [51 In section [6l we 
give some remarks on Brunnian braids. 



2. Brunnian Braids 
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2.1. Configuration spaces and the braid groups. Let M be a 

topological space and let be the n-fold Cartesian product of M. 
The n-th ordered configuration space F{M, n) is defined by 

F(M, n) = {(xi, . . . , x„) e M'* I ^ Xj for i ^ j} 

with subspace topology of M". The symmetric group E„ acts on 
F{M,n) by permuting coordinates. The orbit space 

S(M,n) = F(M,n)/E„ 

is called the n-th unordered configuration space. The hraid group Bn{M) 
is defined to be the fundamental group 7ri(F(M, n)/S„). The pure 
hraid group Pn{M) is defined to be the fundamental group of this pace 
7ii{F{M,n). From the covering F{M,n) — )■ F{M,n)/T,n, there is a 
short exact sequence of groups 

{1} ^ P,(M) ^ B^{M) ^ E„ ^ {!}. 

A geometric description of the elements in Bn{M) can be given as 
follows. Let (gi, . . . , qn) be the basepoint of -F(M, n) and let 

p: F{M,n)^ F{M,n)/^n 

be the quotient map. The basepoint of F{M,n)/T,n is chosen to be 
p{qi, . . . ,qn)- Let [A] be an clement in 7ri(F(M, n)/'En) represented by 
a loop X: ^ F{M,n)/T,n. Since 

p: F(M,n)^F(M,n)/E„ 

is a covering, the loop A lifts to a unique path A : [0, 1] — > F(M, n) start- 
ing from A(0) = (gi, . . . , g„) and ending with A(l) = {q^(^i), 
for some cr e S„. Let 

~X{t) = (Ai(i), . . . , Xn{t)) e F{M, n) C 

Then Xi{t) ^ Xj{t) for i j and any <t < 1. The strands 

{iXiit),t) I l<i<n} 

in the cylinder M x [0, 1] give the intuitive braided description of A. 
The precise definition of geometric braids follows. 

Let {pi,P2, . . . ,p„} be n distinct points in M. Consider the cylinder 
M X /. A geometric braid 

p = {pi,...,p„} 

at the basepoints {pi, . . . ,pn} is a collection of n paths in the cylinder 
M X I such that pi{t) = {Xi{t),t) and 

1) Ai(0) =pi,...,A,(0) =p„; 

2) Ai(l) = pa{i), An(l) = pa{n) for somc a e E„; 
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3) \,{t) ^ Xj{t) for < t < 1 and i 7^ j; 

4) each path Aj run monotonically with t e [0, 1]. 

Let p — {pi, . . . , Pn} and p' — {p[, . . . , p^} be two geometric braids. We 
call p is equivalent to p', denoted by p ~ p', if there exists a continuous 
sequence of geometric braids 

p^ = (A^^) = {(A^(^),^), ...,{K{t),t)}, o<s<i, 

such that 

1) (0) =pi,..., KM) = Pn for each < s < 1; 

2) Af (1) = A?(l) A^(l) = A0(1) for each < s < 1; 

3) A° = A and A^ = A'. 

In other words p ~ p' if and only if they represent the same path 
homotopy class in the configuration space F{M,n). A (geometric) 
braid (3 refers to a representative of the equivalence class of geometric 
braids. 

The product of two geometric braids f3 and /?' is defined to be the 
composition of the strands. More precisely, let /3 be represented by 
p = {pi,...,p„} with pi(l) = . . . ,p„(l) = and let /3' be 

represented by p' — {p[, . . . , p^). Then the product /3/3' is represented 

by 

P*p' = {pi *p^(i),...,p„*p^(„)}, 

where pj * p^^^^ is the path product. 

2.2. Removing Strands. A simple (half-open) curve in a space M 
means a continuous injection 9 : = [0, oo) — >■ M. The distinct points 
{pi, . . . ,Pn} in M are said well-ordered with respect to a simple curve 6 
if there exists a sequence of points on the interval < ti < ^2 < • • • < 
such that Pi = 9{ti) for 1 < i < n. 

Let p = {pi, . . . and p' = {p'l, . . . ,p'^} be two sets of n distinct 
well-ordered points with respect to 9 with pj = 9{ti) and p'^ — 9{t'j). 
Define 

L(p, p')(s) = {L(p, p')i(s) = ^((1 - s)U + st[) \ l<i<n} 

for < s < 1; L(p, p')(s) e M". Observe that, for each I <i < j <n 
and < s < 1, 

(1 - + st'^ < (1 - S)tj + St'j 

as ti < tj and t- < and so L(p, p')(=^) is a set of n distinct well-ordered 
points with respect to for < s < 1. 

Now let p = {pi, . . . ,Pn} and p' = {p'l, . . . be two sets of n 
distinct points on the curve 9. There exist unique permutations cr, r e 
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Tin such that 

Pa = • • • ,P<7{n)} and p'^ = . . . ,p'^(^n)} 

are well-ordered with respect to 6. We call 

L{P.:Prr" = {i^(p.,P;).-i(i) \l<i<n} 

an n-strand 9-linear braid from p to a permutation of p'. 

Let M be a space with a simple curve 9 and let the basepoints 
{Pi)P2, • ■ ■ ,Pn} of the braids on M be well-ordered with respect to 9. 
The system of removing strands di'. Bn{M) — )■ Bn-i{M) is defined as 
follows: 

Let ^ e Bn{M) be a braid represented by A = {Ai, . . . , A„} 
with 

^l(l) = • • • , A„(l) = Pa{n)- 

Then the braid di{P) is defined to be the equivalence class 
represented by the path product of the strands given by 

L * {Ai, . . . , Ai_i, Aj+i, . . . , A„} * L', 

where L is the n— 1-strand ^-linear braid from {pi, . . . ^Pn-i} to 
{pi, . . . . . . ,p„} and L' is the n — 1-strand 6*- linear 

braid from • • • • • • ,Pa(n)} to a permuta- 

tion of {pi, . . . ,Pn-l}- 
It follows from this definition that the operation di does not depend on 
the choice of A in the class /3. Intuitively, the operation dj: Bn{M) — )■ 
Bn-i{M) is obtained by forgetting the i-th. strand and gluing back to 
the fixed choice of the basepoints using ^-linear braids. 

Prom now on we always assume that the space M has a simple curve 
9 and the basepoints of the braids on M are located on the curve 
9 starting with a set p of well-ordered points with respect to 9 and 
ending with a permutation on p. Recall that there is a short exact 
sequence 

1 ^ P„(M) ^ Bn{M) ^ E„ ^ L 

The braid group Bn{M) acts by right on the letters {1,2,..., n} through 

the epimorphism Bn{M) — )■ S„, which can be described as follows. Let 
(3 be represented by an n-strand geometric braid 

A = {Xi{t) I 1 < i < n} 

with Ai(0) — Pi- Then i ■ ^ is given by the formula 

Xi{l) = Pi.i3 

for 1 < i < n. 
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Proposition 2.1. Proposition 4.2.1 (1)] Let M be a space with a 
simple curve. Then the operations 

d,: Bn{M) ^ Bn-i{M), l<i<n, 

satisfy the following identities: 

1) didj = djdi+i for i > j ; 

2) d,{/3l3') = d,{P)d,.p{P'). □ 

Note. In [3J, the removing-strand operations are labeled by do, . . . , d^—i 
for coinciding with simphcial terminology. The above identities are di- 
rectly translated from [H Proposition 4.2.1 (1)]. 

2.3. Brunnian Braids. 

Definition 2.2. Let M be a space with a simple curve. A braid /3 G 
Bn{M) is called Brunnian if di{P) = 1 for each 1 < i < n. The set 
of n- strand Brunnian braids is denoted by Brun„(M). For convention, 
any 1-strand braid is regarded as a Brunnian braid. 

Intuitively a Brunnian braid means a braid that becomes trivial after 
removing any one of its strands. If (3, (5' G Brun„(M), then 

= di{P)di.p{P') = 1 

for 1 < i < n and so the product G Brun„(M). Similar is 
Brunnian provided (3 is. Thus Brun„(M) is a subgroup of Bn{M). 

Proposition 2.3. Let M be a space with a simple curve. Then the 
subgroup Brun„(M) H Pn{M) is normal in Bn{M) for each n > 1. 

Proof. Let (3 G Brun„(M) n P„(M) and let 7 G 5„(M). Then 

diinh'^) = di(cil3)di.(^p){j-^) 

= di{j)di.^{f3)di.(^^f}){-f-^) 
= di{'y)di.(^p){-f-^) 

for 1 < i < n. Since /3 G Pn{M), the elements 7 and 7/? have the same 
image in S„ = Bn{M) / Pn{M) and so i ■ {^(3) = z ■ 7. The assertion 
follows from the equation 

1 = di{l) = rfi(77"^) = di{'j)di.^{'j~^) = di{'j)di.^yf3){'j~^). 

□ 

Corollary 2.4. Let M be a space with a simple curve. Then Brun„(M) 
is a normal subgroup of Bn{M) for n > 3. 

Proof. According to [3, Proposition 4.2.2], Brun„(M) < Pn{M) for 
n > 3 and hence the result. □ 



The case n 

Bn(M). 
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2 is exceptional for having Brun„(M) to be normal in 



Proposition 2.5. Let M be a connected 2-manifold. Then Brun2(M) 
is a normal subgroup of B2{M) if and only if tti{M) = {!}. 

Proof. If 7ri(M) = {1}, then B2{M) = Brun2(M) as Bi{M) = 7ri(M). 

Suppose that 7ri(M) ^ {1}. Let be a small disk in M\9M. The 
inclusion f : D"^ ^ M induces canonical maps 

(/, /) : F{D\ 2) ^ F(M, 2) and (/, /) : F{D\ 2)/E2 ^ F{M, 2)/E2. 
Thus there is a commutative diagram of short exact sequences of groups 
1 P2(M) B^iM) E2 1 



(/,/). 



1 



B2{D^' 



1. 



Let (Ti be a generator for ^2(^2) = Z. Then (/, ^ 1 in B2{M) 

as it has the nontrivial image in E2 — B2{M) / P2{M). From the com- 
mutative diagram 



B2{D^) 



(/,/). 



S2(M) 



B.{D') = {1} 



Si(M) 



for i — 1,2, the element ^ = (/, /)*(cri) is a Brunnian braid on M. Let 
Pi be the basepoint of M. Choose a loop 

a;: [0,1] ^ M 

with Ci;(0) = <x'(l) = Pi representing a nontrivial element in 7ri(M). 
Take the second basepoint p2 such that p2 is not on the curve C(;([0, 1]) 
and construct a 2-strand braid 7 represented by 

p{t) = {Pl{t),P2{t)} 

with piit) = (a;(t),t) and p2{t) = {p2,t) for < t < 1 in the cylinder 
M X I. Then di{'j) = {1} as represented by the straight line-segment 
given by p2, and (^2(7) = [a;] 7^ 1 the path homotopy class represented 
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by uj. Observe that 7 is a pure braid. We have (ii(7~^) = {di{j))~^. 
From 

^1(7/37-^) = (ii(7)rfi.^(/3)rfi.(^/3)(7"^) 
= dr{^)d^{fi)d2{T^) 
= cii(7)rfi(/3)rf2(7)-' 

7^ 1, 

the conjugation 7/37~^ is not Brunnian and so Brun2(M) is not normal. 
This finishes the proof. □ 



3. Generating Sets for Brunnian Braids on Surfages 

In this section, M is a connected compact 2-dimensional (oriented 
or non-oriented) manifold. The classical Fadell-Neuwirth Theorem will 
be useful in computations. 

Theorem 3.1. [8] The coordinate projection 

5^*^ : F(M, n) -> F(M, n-1), (xi, . . . , a;„) (a;i, . . . , x^-i, Xj+i, . . . , a;„) 

is a fiber bundle with fiber M \ Qn-i, where Qn-i is a set of {n — 1) 
distinct points in M. □ 

Proposition 3.2. Up to the change of base-point for the pure braid 
group Pn{M) the homomorphism di coincides with homomorphism of 
fundamental groups induced by 5^*^ .■ 

rf, = 5»/i,:P„(M)^P„_i(M) 

where hi is the automorphism o/7ri(F(M, n — 1)) induced by the change 
of base-points 

(F(M,n-l), (pi, . . . . . . ,p„)) -> (F(M,n-l), (pi, . . . ,p„_i)). 

□ 

Let be a small disk in M \ DM. The basepoints {pi-,P2-, • • •} 
for the braids on M are chosen inside \ dD^. The embedding 
f: >^ M induces a map 

T: F(D^n)/S„ v^F(M,n)/S„ 

and so a group homomorphism 

B^{D^) = 7ri(F(Z}2,n)/S„) B^{M) = 7ri(F(M, n)/E„) 
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with a commutative diagram 

Bn{D^) ^ 5„(M) 



Br,{D^)/P^{D^) = S„ = S„ = 5„(M)/P„(M). 

For any braid /3 G we write P[M] (or simply /3 if there are no 

confusions) for the braid on M. 

Recall that the Artin braid group Bn{D'^) is generated by ai, . . . , cr„_i 
with defining relations 

(1) . o"jO"j = CT"jO"i for |« — j| > 2 and 

(2) . atai+iai = ai+iatai+i for each i, 

where as a geometric braid, cxj is the canonical ith elementary braid of 
ra-strands that twists the positions i and i + 1 once and puts the trivial 
strands on the remaining positions. Also recall that the pure Artin 
braid group P„(D^) is generated by 

A,i = (^j-i(^j-2 ■ ■ ■ (ri+ia^a^_l^ ■ ■ ■ 
for 1 < i < j < n. 



3.1. 2-strand Brunnian Braids. 

Proposition 3.3. Let M be any connected 2-manifold. Then the 2- 
strand Brunnian braids are determined as follows 

1) Brun2(M) fl P2{M) is the normal closure of the element Ai,2 
inB2{M). 

2) Brun2(M) is the subgroup of B2{M) generated by Brun2(M) fl 
P2{M) and Oi: Brun2(M) = (Brun2(M) n P2{M),ai). 

Proof. (1) Let ((A1.2)) be the normal closure of Ai^2 in B2{M). By 
Proposition 12.31 Brun2(M) fl P2(^) is normal in B2{M). Since 2 is 
a pure Brunnian braid, 



((^2)) <Brun2(M)nP2(M). 
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To see the equality, consider the commutative diagram of fiber se- 
quences 

i' 

F M \ {^2} M 

n 

h 

M \ {pi] ^ F{M, 2) — — - M 

n 

i di 

M =M *, 

where i2{x) = {pi,x) and = {x,p2) and F is a homotopy fiber of 
i, what is equivalent to a fiber of i' . From the middle row, there is an 
exact sequence 

(3.1) rt2{M) ^ 7ri(M \ {pi}) — 7ri(F(M,2)) = 

P2(M) 7ri(M) =Pi(M). 

Note that 

Brun2(M) n P2(M) = 

Ker(rfi: P2(M) ^ Pi(Af)) n Ker(rf2: P2(M) ^ Pi(M)). 
Consider the following diagram of the short exact sequences of groups 

{{co)) ^-^^^ Brun2(M) n P2(M) 



(3.2) 



«2* 



7ri(M \ {pi}) Keiidr. P2(M) ^ P,{M)) 



Pi{M) 



di 



where u G tti{M \ {pi}) is represented by a small circle around pi. 
Its commutativity follows from construction and epimorphisms follow 
from the exact sequence (]3.ip . It follow from the diagram (I3.2p that 
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Brun2(M) fl P2{M) is the normal closure of i2*{(^) in Ker((i2). From 
the commutative diagram, 

7ri(M X {pi}) 7ri(F(M,2)) 7^^{M) 



l2* 



if X /), 



TT.iD' X {p,}) = Z ^ 7ri(F(D, 2)) 7ri(i^^) = 1, 



we get 



±1 



and hence it follows assertion 1). 

(2) Note that Ui is Brunnian. From the short exact sequence 

1 ^ P2{M) B2{M) ^ E2 ^ 1. 

we get the following commutative diagram 

1^^ Brun2(M) n P2{M)^ Brun2(M) ^►E2 ^ 1 



1 P2{M) B2{M) ^E2 ^ 1. 

and the assertion follows. 

Corollary 3.4. Le^ M be a connected 2-manifold. Then 

52(M)/(Brun2(M) n P2(M)) 
is ^/ie quotient group of B2{M) by adding the single relation 



a = 1. 



□ 



□ 



3.2. Homotopy properties of configuration spaces of surfaces. 

The following (well-known) fact will be useful for the computations in 
next subsections. 

Lemma 3.5. Let M be a connected 2-manifold. 

(1) . IfM^S^ orWP^, thenF{M,n) is a K {tt , 1) -space for n > 1 . 

In particular, 7i2{F{M, n)) = for n > 1. 

(2) . Tr2{F{S^,n))^0 forn>3. 

(3) . 7r2(F(Rp2, n)) = /or n > 2. 
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Proof. Assertion (1) follows from the fact that M and M \ Qn-i are 
K{tt, 1) spaces together with Fadell-Neuwirth fibration (Theorem I3.ip . 

To prove the assertion (2) we note at first that F^S"^, 3) is homotopy 
equivalent to the rotation group SO (3) by orthogonalization process: 
FlS"^, 3) ~ S0{3) and the rotation group is homeomorphic to the real 
projective space MP^ (classical fact). So, 7i2{F{S'^,3)) = 0. There is 
also the following decomposition formula [Sj Corollary 2.3] 

F{S\ n) ~ F(R^ \ {0, 1}, n - 3) X F{S\ 3) 

for n > 4, from which the assertion (2) follows. 
(3). Let us consider the following exact sequence 

(3.3) 7r2(Mp2 \ {j9i}) = ^ 7r2(F(Mp2, 2)) ^ 7r2(MP') — 

7ri(Rp2 \ {pi}) 7ri(F(Rp2,2)) ^ 7ri(Rp2) ^ 1. 

We note that the homomorphism (9 is a monomorphism between two 
groups isomorphic to Z, actually it is equal to multiplication by 4 
as 7ri(F(MP^, 2)) = P2(KP^) = Qs, the quaternion group ^ and 
7ri(MP2) = Z/2. So, 7r2(F(MP2,2)) = 0. For n > 3, consider the 
fiber sequence 

F(MP2 \Q2,n- 2) c — . F(MP2, n) — F{RF^, 2), 

The assertion follows from the facts that -F(MP^\(52, n~2) is a K{tt, 1)- 
space by assertion 1 and 7r2(F(]RP^, 2)) = 0. □ 

3.3. 3-strand Brunnian Braids. Now we are going to determine the 
3-strand Brunnian braids on M. By [3", Proposition 4.2.2], 

Brun„(M) C P„(M) 

for n > 3. Thus the determination is given by 

n 

Brun„(M) = Brun„(M) n P„(M) = p|Ker(rfi: P„(M) -> P„_i(M)) 

i=l 

for n > 3. 

For a subset S in P„(M), we write {{S))^ for the normal closure of 
S in P„(M) while we keep the notation {{S)) for the normal closure of 
S in P„(M). 

Proposition 3.6. Lei M be a connected 2-manifold. Then the 3-strand 
Brunnian braids on M are determined as follows: 
1) Brun3(^2) ^ p^(^2) ^ ^/2. 
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2) ForM^ orMp2, 

Brun3(M) = [((Ai,3))^,((A3))1 

the commutator subgroup of the normal closures in P^{M) gen- 
erated by y4i 3 and ^2,3, respectively. 

Proof. Assertion 1 follows directly from the fact that P3(S'^) = Z/2 
and P2{S'^) = {!}• For assertion 2, observe that dkAij = 1 for k = i, j . 
Thus 

{{A,3)f < Ker(rf3: PsiM) ^ P2(M)) n Ker(cii : Ps{M) ^ P^iM)) 
for z = 1, 2 and so, the inclusion 

[((Ai,3))^,((A2,3))n<Brun3(M) 

is simple. 

From the commutative diagram of the fiber sequences 
M \ {puP2} ^ F{M, 3) ^ F(M, 2) 



(3.4) 



^\ {Pi} F(M,2) 

where i3(x) = (^1,^252;) and i2{x) = together with the facts 

that 7i2{M) = and 7r2(-F(M, 2)) = (Lemma 13. 5p . there is a commu- 
tative diagram of short exact exact sequences 

7ri(M \ {pi,p2}) ^ P3{M) P^iM) 



(3.5) 



d2 



7ri(M\{pi}) 



P2(M) 



do 



Pi{M). 



It follows from this diagram that 

Z3,: Ker(rf2|) — > Ker(d3: P3(M) ^ P2(M))nKer(rf2 : P?XM) ^ P2(M)) 

is an isomorphism. Since d2\: 7ri(M \ {^1,^2}) — ^ 7ri(M \ {pi}) is 
induced by the inclusion 

M\ {pi,P2} ^ — - M \ {pi}, 

Ker((i2|) is the normal closure in 7ri(M \ {^1,^2}) generated by [002], 
where U2 is a small circle around p2. Similarly, the inclusion 

M\{pi,p2}'— M\{p2} 
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induces a homomorphism 

dil : 7ri(M \ {pi,p2}) ► vri(M \ {pa}) 

with the property that 

23.: KerKI) Ker(rf3: P^{M) -> P2(M))nKer(rfi : P^{M) ^ P2(M)). 

is an isomorphism and Ker((ii|) is the normal closure in 7ri(M\{pi,p2}) 
generated by the homotopy class [uji\ , where Ui is a small circle around 
Pi. Thus 

(3.6) zs, : Ker(rfil) H Ker(c/2|) ^ Brun3(M) 

is an isomorphism. By applying the Brown-Loday Theorem |5] to the 
homotopy push-out diagram of K^n, l)-spaces 



Tl2{M) = 



M \ {p2} M, 

we get an isomorphism 

Ker(rfil) nKer(d2|) 
[Ker(rfi|),Ker(rf2|)] 

and so 

Ker(rfil) nKer(c/2|) = [Ker((ii|), Ker(rf2|)]. 
Together with the isomorphism (13.61) this gives 

(3.7) Brun3(M) = [((z3*(N)))^, ((^3*(H)))n- 

Note that the basepoints {pi,P2} are chosen in the interior of the small 
disk D^. From the commutative diagram 

7ri(M \ {puP2}) ^ PsiM) P2{M) 



{3.i 



f* 



«3* 



P,{D') P2{D') 



7ri(D2^{pi,P2}) 

we have 23^ ([wi]) = Afl and i3=K([aj2]) = Afl. Assertion 2 follows from 
the replacing i3^([u;i]) by At^^ in equation (13. 7p . 

□ 
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3.4. Colimits of classifying spaces. Given a group G and its normal 
subgroups . . . , let us define their complete commutator subgroup 
as follows 



(3.9) [[Ri,R2,...,Rn]] 



It is clear that 

and that the quotient 



n 

JU J= {1,2, 

/n J = 



,n} 



f]Ri, Pi Rj 



RJ] c n ■ ■ • n 



RiD-'-nRn 



[[Rl, . . . , Rn]] 

is an abelian group with a natural structure of Z[G/Ri . . . /2„]-module, 
where the action is defined via conjugation in G. An n-tuple of normal 
subgroups (i?i, . . . , i?„) is called connected in G if either n < 2, or 
n > 3 and for all subsets I,J G {1, ■ ■ ■ ,n} with |/| > 2,\J\ > 1 
(without conditions of formula (13. 9p ) the following equality holds: 



(3.10) 



Kiel / XjeJ / iei \ jeJ / 



We will make use of the following result from [7] 

Theorem 3.7. Let G be a group, n > 2, and {Ri, . . . , Rn) an n-tuple of 
normal subgroups in G such that the {n — l)-tuples {Ri, . . . , Ri, . . . , Rn) 
are connected for alll < i < n. Let X be the topological space arising as 
the colimit of classifying spaces K{G/ HiG/ -'-)' where I ranges over 
all subsets I C {1, . . . ,n}. Then there is an isomorphism of abelian 
groups 

, , -Rl n ■ ■ • n 

7r„(Aj - 



[[Rl 



Rn 



3.5. n-strand Brunnian Braids for n > 4. Now we are going to 
determine Brun„(M) for n > 4. The case Brun4(S'^) has been de- 
termined in [5| Proposition 7.2.2]. Our computation will exclude this 
special case. 

Lemma 3.8. Let M be a connected 2-manifold. Let 

dk-. Pn{M) ^ Pn-l{M) 

be the operation that removes the kth strand. 
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(1). Suppose that M ^ S"^ or MP^. Then, for n>2, 

Ker(rf„) n Ker(4) = {{Ak,n)f 
for 1 < k < n — 1 and therefore 

n-l 



Brun„(M) = f|((A,,„))^. 



k=l 



Moreover in* : 7ri(M\{pi,p2, • • • ,Pn-i}) Pn{M) isamonomor- 
phism with 

i„,(Ker(4|)) = {{Ak,n))^, 



where 

41 : 7ri(M\ {pi, . . . ,pn-i}) — > 7ri(M\ {pi, 



,Pk-i,Pk+i, 



,Pn-l}) 



is the group homomorphism induced by the inclusion by filling 
back the missing point pk- 

(2) . If M = S^, then the above statement holds for n > 5. 

(3) . If M = MP^, then the above statement holds for n > 4. □ 

Proof. Diagram (13.41) can be extended to general case and so we have 

the starting commutative diagram 

(3.11) 

7ri(M \ {p,,p2, . . . ,Pn^l}) ^ ^ Pn{M) Pn-l{M) 



dk\ 



d. 



n-l 



p 

^ 7 



n-l{M) — ' P„-2(M) 



7ri(M \ {pi, . . . ,Pk-l,Pk+l, ■ ■ ■ ,Pn-l}) 

for 1 < A; < n - 1. li M ^ or n > A, then 

7ri(M \ {pi, . . . ,Pfc-l,Pfc+l, • • • ,Pn-i}) Pn-^iiM) 

is a monomorphism because iT2{F{M,n — 2)) =0 for n > A with 
M S"^ or n>5 with M = (Lemma E3D. Thus 

in*: Ker(4|) — > Ker(4) n Ker(4) 

is an isomorphism if M 7^ 5*^ orn > 4. Note that Ker(4|) is the normal 
closure in ni{M \ {pi,P2, ■ ■ ■ ,Pn-i}) generated by the homotopy class 
[oJk], where Uk is a small circle around pk- By the same reasons as in 
diagram (13.81) . we have in*i['^k]) = ^^'^ 



Ker(4) n Ker(4) = in*(Ker(4|)) < {{Ak,n)f. 
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On the other hand, {{Ak^n))^ < Ker((i„) fl Ker((ifc) because Ak^n hes in 
the normal subgroup Ker((i„) fl Ker^dk). Thus, in the case M 7^ 5*^ or 
n > 4, 

KerK)nKer(4) = ((^m))'' 
and hence the result. □ 

The remaining question is of course how to determine the intersection 
of the normal subgroups {{Ak^n))^ for general n. 

Theorem 3.9. Let M be a connected 2-manifold and let {pi, . . . ,p„} 
be the set of n distinct points in M \ DM. Let 

di\: 7ri(M \ {pi, . . . ,p„}) — )■ 7ri(M \ {pi, . . . . . . ,p„}) 

be the group homomorphism induced by the inclusion by filling back the 
missing point Pi. Then 

n \ 

fl Ker(rf,|) /[Ker(dil), Ker(d2|), • • • , Ker(d„|)]5 = vrjM) 
i=i ) 

for each n > 2. 

Proof. Observe that the surface M can be viewed as a colimit of the 
spaces M \ Ujg/pj, where / ranges over all subsets / C {1, . . . , n}. De- 
note G := 7ri(M \ {pi, . . . ,Pn}) and Ri := Ker((ij|). Since punctured 
surfaces are aspherical, the spaces M \ Ui^iPi are classifying spaces for 
groups G/ Yliei Ri- Lst us check that the connectivity condition (13.101) 
holds for every (n — l)-tuple of subgroups . . . , Rm, . . . , i?„), 1 < 
m < n. For n = 2,3, the connectivity condition holds by defini- 
tion. We prove the statement by induction on n. We fix number 
m: 1 < m < n and prove the connectivity (13.101) of the {n — 1)- 
tuple (-Ri, . . . , Rm, . . . , Rn)- Let I, J {1, ... ,7%, ... , n}. Suppose that 
J n J 7^ 0. Then the left and right hand sides of (I3.10p are equal to 
YljeJ Rj condition is proved. So, we can assume that In J = 0. 

Consider the epimorphism 

fj:G^G/llR,. 

The condition (13.101) is equivalent to the condition 
(3.12) fj{f]Ri) = f]fj{R,). 

i€l iel 

Any punctured surface has a free fundamental group and 



fj{Ri) = Ker{7ri(M \ UkeiPk) -> vri(M \ U^g/, k^iPk)}- 
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By induction we have 

P|-Rj = [[-Rii, . . . , 

for / = {ii, . . . due to Theorem 13.71 and the fact that punctured 
surface is asphericaL The same argument shows that 

[]fj{R.) = [[fj{R.,),...,fj{R.,,,)]] 

(we repeat argument for the punctured surface with discs glued to 
\J\ boundary components, the surface remains punctured since M \ 
Pi, . . . ,Pn has at least n boundary components). The same argument 
shows that 

[[Rii, ■ ■ ■ , Rim]] = [Rii^ • • • ! Ri\i\]s 

[[fj{Ri,), fAR^^)]] = [fAR^,), fAR^m)]s 

Since fj is a homomorphism, the condition (13.121) and hence (13.101) 
follow. Again observe that 

[[Ri, . . . , Rn]] = [-Ri, . . . , Rn]s, 

hence the needed statement follows from Theorem 13. 7[ □ 

Theorem 3.10. Let M be a connected 2-manifold and let n > 4. Let 

RAM) = [{{A,AM])f, {{A2,n[M])f, ((A„_i,4M]))^]5 

be the symmetric commutator subgroup. 

(1) . IfMy^S^ or RF^, then 

Brun„(M) = Rn{M). 

(2) . If M = S"^ and n> 5, then there is a short exact sequence 

RAS') ^ BinnAS') -^^ n^^^iiS^). 

(3) . If M = MP^, then there is a short exact sequence 

K(MP2) ^ Brun„(Mp2) n^^i{S^). 
Proof. By Lemma [3.81 

n 

Brun„(M) = f|((A,,„))^ 

1=1 

and {{Ak^n))^ = '^*(Ker((ifc|)). The assertion follows by Theorem 13.91 

□ 



BRUNNIAN BRAIDS ON SURFACES 



21 



4. 3-STRAND BRUNNIAN BRAIDS ON THE PROJECTIVE PLANE 

4.1. Braid group of the projective plane. There exist several pre- 
sentations of the group i?„(]RP^), see, for example [6l |9]. We will use 
a presentation similar to presentations of the surface braid group from 

Theorem 4.1. The group i?n(MP^) can be presented as having the set 
of generators 

0-1,(72, . . . ,o-„_i,p, 
where in the braid p the first string represents a nontrivial element of 
the fundamental group and the rest of the braid is trivial; the generators 
(Ti, (72, . . . , (Jn-i are the images of classical braid generators of the disk; 
the set of defining relations is the following: 

aiOi+iai = ai+iaiCi+i, i = 1,2, . . . ,n - 2; 

aiaj = ajai, \i - j\ > 1; 

pai = Gip, i ^ 1; 

o"rVo"rV = po-rVc^i; 

p^ = aia2-. . Gn-2(^l_i(Tn-2 ■ ■ ■ (^2(^1- 

Remark 4.2. Geometrically element p can be depicted similar to that 
of Figure 1 from [2] . 

Proof. We start with the presentation of Van Buskirk [HI p. 83] also 
studied in [9j. It has the 2n — 1 generators di, (T2, . . . , cr„_i, pi, . . . , Pn, 
subject to the following relations: 

{i) OiOi+iai = (Ji+iaiai+i, i = 1,2, . . . ,n - 2; 

(a) aiffj = GjOi, |z - j| > 1; 

(m) pjGi = aiPj, j ^i,i + l; 

(iv) Pi = aiPi+iCTi, 

{v) pY+iPi^ pi+ipi = erf; 

(vi) pI = aia-2 . . . a-„_20-^_iO-n-2 • • • cr2cri- 
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Let US show at first that the system (i) - (vi) is equivalent to the 
system (i) - (iv), (vi) and the following relations 

(4.1) a^^pial^pi = pia^^piCi, i = 1, . . . ,n - 1. 

We multiply the equality f l4.2p by aip^^aip^^ on the left-hand side and 
we obtain 

(4.2) cxip- ViprVrViOrr = a^, i = 1, . . . , n - 1. 
Then we use the expression 

Pi+i = (T^^picr^^ 

from (iv) and we obtain (v). Now we show by induction that we can 
eliminate all the equalities in (14.21) except the first one, i.e. for i = 1: 

(4.3) Vif^rVi = picri^pi(Ji 

In other words that relations (14.21) for i = 2, . . . , ra — 1 are consequences 
of relations (ii) - (iv) and (14.31) . For i = 2 we start with (14.31) and 
multiply it by erf ^o"2^^ on the left-hand side and by ctq^^o'i^ on the 
right-hand side, we get 

We apply relations (ii) to this relation on the right-hand side and on 
the left-hand side, we obtain 

Further we apply relation (iii) to permute pi and in all four ap- 
pearances of pi in the last relation, we get 

a2^a^^ Pia2^ 0-1^0-2^ Picr I ^ = a^^ pia2^(y^^a2^ Pi(y^^a2. 

Apply now relation (ii) to the middle parts of both sides of the last 
relation, and obtain 

Use now relation (iv): p2 = af ^picrf ^ and obtain 

This is relation (14. 2 p for i = 2. Suppose now that for i our statement 
is true: the relation 

(^i^pi(^i^pi = pi(yi^pi(Ti. 

is a consequence of relations (ii) - (iv) and (14.31) . Multiplying this 
relation by (J~^a~^^ on the left-hand side and by a~^^a~^ on the right- 
hand side and applying relations (ii) - (iv) as before we obtain relation 
(14.21) for i + 1. So all relations (v) can be replaced by one relation (14. 3p . 
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Let US consider now relations (iii) and show that all of them are 
consequences of relations (i), (ii), (iv) and relations 

(4.4) piCTi = (Tipi, i ^ 1. 
Really, let j > 1, then it follows from (iv) that 

pj = ^7-1^7-2 • • • ^rVi^r^^7-V7-i- 

Consider CiPj. Let i < j — 1, then using relations (i), (ii) and fl4.4p we 
have 

o-ipj = criaj}^aj}^ . . .a^'^p^a^^ . . . (XjlV^-i = 

0-7-1 o"7-2 • • • erf Vj+ipicrf ^ . . . 0-7^2^^7-1 = 

^7-1^7-2 • • • erf Vio-^+io-f ^ • • • o-7_V7-i = 

(^j-i(^j-2 ■ ■ • o-fVif^r^ • • • cr7_V7-i^* = pi^^ 

If z > j, then using relations (i), and (14.41) we have 

CTiPj = aiajl^aj^2 ■ ■ • erf Vio^f^ • • • ^7-2^7-i = 

^7-1^7-2 • • • o-f Vipio-f ^ . . . (Tf_V7-i = 

f^7- 1^7-2 . . . 0-f Vic^io-f ^ . . fx7_V7-i = 

(yj\<yj^2 ■ ■ • erf Vif^r^ • • • cr7_V7-i^^ = Pi^^ 

Hence all relations (iii) are consequences of relations (i), (ii), (iv) and 
(14.41) . So, we can delete generators P2, ■ ■ ■ , Pn, and relations (iv) from 
the presentation and replace relations (iii) and (v) by relations (14.41) 
and (14.31) respectively. □ 

There is a canonical homomorphism r : i?„(RP^) — > S„, 'r(crj) = 
(i, i + l), r{p) = e. The kernel Ker(r) is the pure braid group P„(]RP^). 
This group was studied in |9]. We will find a presentation for P3(RP^) 
which we shall use later. Consider at first the group i?2(IRP^)- We have 

This group has order 16 and P2(I^P^) is isomorphic to the quaternion 
group Qs of order 8 [6J . Relation = af gives that the corresponding 
pure braid group P2{^P^) is normally generated by p and makes it 
possible not to use the canonical generator of the pure braid group 
^12 = 0"^. Let us define the following element of P2(1^P^): 

u = cTipcrf ^ 

Reidemeister method gives the following presentation: 

(4.5) P2(MP2) = {p,u\ pup = u, p'^ = u^). 
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Consider now the case n = 3. We have: 

S3(]RP2) = (p,ai,Cr2 I CTiO-aC^l = cr2C^iO-2, p(^2 = 0"2p, 

To construct a presentation for P3(]RP^) we use the Reidemeister- 
Schreier method. As representatives of cosets of the normal subgroup 
P3(]RP^) in the group _B3(RP^) we take the elements: e, di, a2, o^ox 
c"iO"2, oxOiOx. Then by [HI Theorem 2.7] the group P3(MP^) is gener- 
ated by elements 

ka{ka) , 

where a G {p,ai,a2}, k E { e, ai, a2, o"20"i, o"i(T2, o"i(T2(Ti } and the 
bar denotes the mapping from words to their coset representatives [HI 
p. 88]. Having in mind that a2pcr2^ = p, we obtain that the group 
P3(]RP^) is generated by 

p, u = (Tipa^^, w = a2cripa^^a^^, A^, ^23 = (^2^ ^13 = or2ala2^. 

The following set of defining relations is obtained by application of 
Reidemeister-Schreier method [HI Theorem 2.9]: 

AuA^sA^:^ = A^lAxsA23, A12 (A13A23) A-^^ = A13A23, 

pA23p-^ = A23, U (^^31^13^23) U'^ = ^23^^13^23, 

(4.6) p(Ar/w;-Mi3)p-^ = w-^A^^, p [A^^w) p-' = w, 

p{Ai2u)p~^ = U, 

(4.7) u{A2^w~'^A23)u'^ = ^"-^^23, u {A^^w) u~'^ = w, 

(4.8) A^iAisA23Ai2 = P^ ^12^13 = P^ ^12^23 = «^ 

(4.9) A,sA23 = w\ 

From these relations we have the following formulas for conjugation by 
A12, p, u: 

^12^13^^21 = ^^31^13^23, Ax2A23A{^ = A^iA^iA23AxsA23, 



(4.10) 



Ai2wA^2 = ^) 
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(4.11) pwp'^ = w'^A^^w^, pAisp'^ = w'^A^^w, 

(4.12) uwu~^ = w^^A2^w'^, uA23U^^ = w^^A2^w, 

(4.13) uAisU'^ = W~^A23WA23WA23W. 



Remark 4.3. Relation ( 4-10 ) can be more easily seen directly from re- 
lations ofBsiRF^). Relations (gJl]) are obtained from relations (^7^. 
Relations Iji4-i^ CLre obtained from relations '4 ^- Relation \4.1'J^ is 
obtained from relations jj.S^ and ( [^. i^ . 

We see from these formulas that the subgroup 

[/3(MP2) = (w;,A3,^3 II ^3^3 = W^) 

is normal in P3(RP^). Geometrically it can be identified with 7ri(MP^ \ 
{pi,P2}) which is included in short exact sequence, see diagram (13.51) : 

7ri(Mp2 X te,p2}) ^ P3(MP2) P2(KP') 
and so f/3(MP2) is the free group of rank 2 and P3(Rp2)/f/3(Rp2) ~ 

P2(MP2). 

We can exclude the generators A12, A13 from the list of generators 
P3(]RP^), using the formulas: 

(4.14) A12 = up-^u-^p, 

Ai3 = w^A2-l. 

Inserting this formulas in the rest of relations of the group P3(RP^) we 
obtain the following statement. 

Lemma 4.4. The group P3(MP^) can be generated by elements 

P,U,W,A23 

and has the following relations: 

pwp~^ = ^""^^23, pA23p~^ = A23, (1) 

p-^Wp = A23W'^, p'^A23P = A23, (1') 

UWU~^ = W~^A23w'^, uA23U^^ = W^^A23W, (2) 
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U ^WU = U ^A2'iU = A2^wA2:^W ^^23, (2') 

p~^up~^u~^ = wA2^w, p^^u~^ p = A2^ . (3) 

Proof. The first relation in (3) follows from fl4.14p . the second relation 
in (14. 8p and the second relation in (14. lip . The second relation in (3) 
follows from (14. 140 and the third relation in (14. 8p . To prove that the 
statement of Lemma gives a presentation of P3(MP^) denote by P the 
group which presentation is given by these generators and relations. 
There exists an evident homomorphism 

: P ^ P3(MP2). 

The subgroup f/3(]RP^) generated by w, ^2,3 is a free subgroup in P 
as it is free after the mapping by 0. The quotient P/U^iMP"^) is iso- 
morphic to P2(IRP^) (relations (3)); so becomes an isomorphism after 
comparison of exact sequences: 

f/3(Mp2) c . p P2(RP2) 



;73(Mp2 c!£l P3(MP2)) P2(RP2). 

□ 

Remark 4.5. 1) Certainly, relations (1') and (2') follow from relations 
(1) and (2) respectively. 

2) Similar presentation was constructed in P p. 765] but in the list 
of relations there, in the forth relation of formula (3) instead of 

P2^B2;iP2 = P2^3P3P2,3P3 ^-^2,3 

it should be 

P2^B2;iP2 = B2lp3B2lp^^B2^3. 

Let us introduce new generators a = pw, b = wu then from Lemma S3] 
we get the following statement. 

Lemma 4.6. The group P3(MP^) can be generated by elements 

a,b,w,A23 
and has the following relations: 

awa~'^ = ^"^^23, 0^230^^ = ^^^^23^, (4) 
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a ^wa = w ^A23, a ^A23a = w ^^23^, (4') 

bwb~'^ = A23W, 6^236"^ = ^23^, (5) 

b-^wb = A2iw, b-^A23b = A2i, (5') 

bab'^ = a-\ 0? = b\ (6) 
In particular, {a,b) ~ P2(IRP^) < A(IRP^)- □ 

From this Lemma we have the following statement. 

Proposition 4.7. There exists the following splitting short exact se- 
quence 

1 — > t/3(Mp2) — > PsiWP^) P2(KP2) — > 1 
and P3(KP^) = U^i^RV^) X P2(MP^). 

□ 

This proposition was proved in [9J. It was proved also there that for 
= 2, 3 and for all m > 4 the short exact sequence: 

1 ^ P^_„(MP2 \ {xi,X2, . . . P„(MP') — > Pn(Mp2) 1 

does not split. 

4.2. 3-strand Brunnian braids on the Projective Plane. In order 
to pass to the brunnian braids recall the geometric interpretations for 
the generators p, m, w. We represent MP^ as 2-gon L where opposite 
points on two edges are identified by standard manner. In the braid 
p the second and the third strings are just two parallel lines. It's first 
strand which goes through the edge of L. The braids u and w are 
defined by similar manner. In u the second strand passes through the 
edge and in w the third one. The braid ^23 is defined as in the braid 
group of disk. Remind that the presentation of P2(]RP^) is given by 
the formula 04.51] . Hence the maps 

rfi,d2,4:i^3(KP')^i^2(Mp2) 

act on the generators by the rules: 
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From the exact sequence of Proposition 14. 71 we see that Brun3(MP^) 
is a subgroup of f/3(RP^): 

Brun3(Rp2) < f/3(Rp2), 

so in our study of Brunnian braids on MP^ we can restrict ourselves to 
look at f/3(MP^) and the action of di and ^2 on it. We write the action 
of ClS db supplementary information. 
We have 

di^w"^) = d2{w^) = M^, d3{w^) = 1 

and since = 1 in P2(I^P^) then G Brun3(MP^). Similarly 

diiAl,)=Al„ d2iAl,) = ds{Al,) = 1 

and since AI2 = = 1 in P2(KP^) (se formula then A^^ G 

Brun3(]RP^). For the commutator [^,^23] we have 

A23]) = [u,Au], C?2([W, A23]) = C?3([U^, A23]) = 1 

and since ^412 lies in the center of P2(IRP^) then ^423]) = 1 and 

[^,^23] e Brun3(MP2). 
Now we are going to determine a free basis for Brun3(MP^). 

Lemma 4.8. Let F{S) be the free group (freely) generated by the set S . 
Given X G S, letCq{x) = Z/g be the cyclic group of order q generated by 
X and letpx'- F{S) Cq{x) be the group homomorphism with p{y) = 1 
for y ^ X E S and Px{x) = x. Then Kei^px) has a free basis 

{a;^ y,[y,x^] \ y e S, y ^ x 1 < j < q- 1}. 
Proof. By using Schreier system, KeT{px) has a free basis 

{x'^, x~^yx^ \ y & S, y x,0 < j < q — 1} 

which is equivalent to the generating set in the statement as 

[y,x^] = y'\x~^yx^) 

and hence the assertion. □ 

Proposition 4.9. ^45 a subgroup o/i?3(MP^), Brun3(RP^) has a free 
basis given by 

1 4 r 4 T 

^2, X]^, [X]^,X2j, 

[a;2,a;i], [[x2, xi], X2], 
^2,3;?], [[x2,a;?],X2], 
^2,3;?], [[x2,a;?],X2], 

where Xi = w and X2 = ^2,3- 
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Proof. Consider the projection p^^^: F{xi,X2) — )■ C4{xi). (It is d2 in 
our case.) By the above lemma, Ker(p3.J has a free basis given by 

5" = {x'l, X2, [X2, Xi], [X2, X^], [X2, X^]} 

The assertion follows by applying the above lemma to the projection 
Px2- F{xi,X2) C2{x2) {di in our case) restricted to the subgroup 
F(5)=Ker(p,J. □ 

Let us describe the quotient groups P3(MP^)/Brun3(]RP^) and 
S3(Rp2)/Brun3(Rp2). 

Proposition 4.10. 1) Let w and A be the images of w and A23 re- 
spectively after natural projection 

UsiRF'^) — > [/3(MP^)/Brun3(Mp2) 

then 

C/3(MP^)/Brun3(Mp2) = {w,A \\ = A^ = 1, Aw = wA) ~ Z4 © Z2. 

2) The ^■uoizent P3(]RP^)/Brun3(MP^) has order 64 and is the semi- 
direct product 

P3(Ep2)/Brun3(Ep2) = ([/3(Ep2)/Brun3(Mp2)) X P2(Mp2). 
More precisely P3(RP^)/Brun3(RP^) is generated by 

w, A, a, b 

and has defining relations: 

— A^ = 1, Aw = wA, bab~^ = a""*^, = 6^, 



a~%a = w~^A, a~^Aa = A, (1) 

awa~'^ = w~'^A, aAa"'^ = A, {!') 

b-^wb = wA, b-'^Ab = A, (2) 

bwb-^ = wA, bAb-^ = A. (2') 

□ 



Remark 4.11. Relations with primes are equivalent to those without 
prime. 

Using the short exact sequence 
(4.15) 1 — > P3(EP^) — > P3(EP^) — > S3 — >1. 

we want to describe P3(]RP^) as extension of P3(]RP^) by E3. 
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Proposition 4.12. The group B^iWP"^) can he presented as having the 
generators 

a, b, w, A23, ai, 0-2, 
and the following relations: 



(4.16) af = a'^nj-^, a\ = A23. 

(4.17) a^^aai = bA:^^^ 

(4.18) a^^bai = aw^^A23W''^, 

(4.19) a^^wai = w, 

(4.20) ar^ssai = w'^A^i, 

(4.21) a2^aa2 = ab{w'^A23y, 

(4.22) a2^ba2 = M23, 

(4.23) a2^wa2 = feW^as, 

(4.24) a2^A23(r2 = A23. 



Proof. The first relation in fl4.16p follows from the definition of elements 
a and w and relations of the presentation of i?3(MP^) with generators 
p, o"i and (72- The second relation in (14.161) is the definition of A23. 

To construct the formulas of conjugation we can take the correspond- 
ing relations from the paper of Van Buskirk [B] and rewrite them in 
our generators of P3(]RP^). On the other side, when the formulas are 
written one can prove them. Let us do it. At first let us prove (I4.20p . 
We start by the two equal expressions of A13: 

(4.25) cr^^alcTi = cracja"^^, 

this is true in i?3(RP^). We insert cr2a2^ in the right hand part of 
ISM- 

—1 2 2 —2 

Then we use the relation = (Ticr|cri from the presentation of i?3(]RP^): 

-12 2-1 -1 A-l 

ai 0"2Cri = (J2<^lP O'l (T2 A23 ■ 

Since A23 = w = a2cripo'i^cr2^ we have 

^^230-1 = w'^A23, 
Relation (14.191) . We start with the definition of w: 

0'20'ipo'i^cr2^ = w. 
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Since pa 2 = (T2P we have 

(crrV2cri)p(o-f V^Vi) = (Tf^Wi, 

and so: 

o^^wai = w. 

Relation fl4.18p . We start with relation (1') from Lemma l44l 

p-^Wp = A23W~^, 

which is equivalent to 

wp = pA23W~^. 

Since ai^wai = w and ai^uai = p we have 

ai^wuai = (pw)w~^ A23W^^ . 

Using the definition of a and b we obtain (14.181) . 
Relation (14.171) . We start with equality 

= {A23W~^){wuA2-;^w) 

and apply the conjugation formulas (1') and (3) (1') from Lemma|131 
we have 

w = {p^^wp){p^^up^^u^^). 

what is equivalent to 

(4.26) w = p~^wup~^u~^ . 

We rewrite the first equation in (3) from Lemma l^^ in the form 

p{wA2lw)upu''^ = 1 

and multiply by p{wA2^w)upu^^ the right hand side of (I4.26p . we ob- 
tain 

w = p^^wup^^u^^ p{wA2:^w)upu~^ . 
We apply (1) of Lemm8 l474l and we get 

w = p~^wup~^u^^ p{pA2zW^'^ p^^)upu^^ . 

Using the formulas 

A12 = Up'^U'^p, Ayl = A23W^'^. 

we obtain 

w = p^^wAi2pAY^A^2 

or 

pw = wAi2pA^^A^2- 
Conjugating it by erf ^ we have 

ai^{pw)ai = wuA2^. 
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and this is (HT71) . 

Formula fl4.24l) follows from A23 = (y\. 

Relation (14.231) We start with the first relation in (2') of Lemm d^T^ 
and we rewrite it in equivalent forms 

or 

what is equivalent to (14.231) : 

a2^wa2 = bw^^A23. 
Relation 04.221) . We start with the identity 

{bw-^A23)iA2iwA23) = hA23. 

Using the formula 

1^0-2 = A2^WA23, 

and fl4:23|) we get 

{a2^wa2){(y2^ua2) = 
what is equivalent to (14.221) : 

a2^{wu)a2 = bA23. 
Finally let us prove relation ( (I4.2ip . We start with the identity 

1 = {A2iw)w-^A23. 
Using (2') of Lemmall31 we get 

1 = {u^^wu)w^^A23 

and then 

U = {wu)w~^A23. 

We multiply this equality by pw from the left hand side 

pwu = {pw){wu)w~^A23 

what is equivalent to 

pb = abw~'^A23. 
Since p and (J2 commute this is the same as 

{a2^po-2)b = abur^A23. 
Multiply this equality by ^"^^423 from the right hand side 
{a2^pa2)ibw-^A23) = 06(^-^^23)'. 

and use ( K23\f 

o'2^pwa2 = ab{w~^ A23Y . 
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what is equivalent to (f l4.23p : 

(T^^acr2 = ab{w^^ A23Y . 

The proof that i?3(]RP^) has a presentation as in the statement of the 
Proposition is the same as the proof of the presentation of Lemms l^T^ 
with the help of the exact sequence fl4.15p . □ 

Proposition 4.13. The quotient B-i(RF'^) /Bruns{WP'^) has order 384 
and is an extension 0/ P3(Mp2)/Brun3(]Rp2) by S3; 

1 — > P3(Rp2)/Brun3(Mp2) — > Bs{WP^) /BiunaiWP^) — ^ E3 — ^ 1. 

53(Rp2)/Brun3(]Rp2) is generated by 

w, A,a,b, 0-1,0-2, 

and has defining relations: 

2 2 — 2 2 T 

= a w , a2 = A, 

uf = A^ = 1, Aw = wA, bab^^ = a^'^, = b^, 
a~^wa = w~^A, a~^Aa = A, 
b-^wb = wA, b-^Ab = A, 
(T^^a(Ti = bA, cr^^bcTi = aAw'^, cr^^wai = W, o^^ Aa\ = Aw'^, 
o-^^ao-2 = abw'^, a2^ba2 = bA, a2^W(72 = Aw~^, 02^ A02 = A. 

5. Proof of Theorem 11.21 

5.1. Some Lemmas on Free Groups. Let S" be a set and let -^(5") be 
the free group freely generated by 5*. Let 5*0 be a set and let xi,X2, ■ ■ ■ 
be additional letters. Let Sn = SqU {xi, . . . , Xn} be the disjoint union. 
Consider the group homomorphism 

df.F{S^)^F{Sn^,), l<t<n, 

such that 

{X if X G So or X = Xj with j < i, 
1 if X = Xi, 
if X = Xj with j > i. 

Roughly speaking, di is obtained by sending Xi to 1 and keeping other 
generators. The following lemma is a special case of [151 Theorem 4.3]. 

Lemma 5.1. Letdi: F{S„) — > F{Sn~i) be defined by the formula liS.l]) . 
Then 

k 

fl Ker(rf,) = [Ker(rfi), Ker(rf2), • • • , Ker(4)]5 
i=i 

for2<k<n. □ 



34 V. G. BARDAKOV, R. MIKHAILOV, V. V. VERSHININ, AND J. WU 

Let H he a normal subgroup of G. A set X of elements of H is called 
a set of normal generators for if in G if if is the normal closure of X 
in G. We say that H has finitely many normal generators in G if there 
is a finite set X such that H is the normal closure of X in G. 

Lemma 5.2. Let Ri and R2 be normal subgroups of G. Suppose that 

(1) . Ri has finitely many normal generators and 

(2) . R2 has finitely many generators (in the usual sense). 

Then the commutator subgroup [i2i,i?2] has finitely many normal gen- 
erators. 

Proof. Let {oi, . . . , am} be a set of normal generators for i?i. The set 
of generators for i?i can be given as {g~^aig \ 1 < i < m, (7 G G}. Let 
{hi, . . . , bn} be a set of generators for i?2- Let H be the normal closure 
of 

{[oj, bj] \ 1 < i < m, 1 < j < n}. 
Now take any r & R2, r = bi-^ . . .bi^,. Then 

[ai, r] = [ai, fejj gi[ai, bi^]g^^ . . . gj[ai, bi^_^]gj^ . . . gu-Mi, bi^]g~\, 
where gj = bi^ . . . bi.. So [oj, r] E H for any r E R2. Now 

[g'^aig,bj] = g'^[ai, gbjg'^jg G H 
because gbjg^^ G i?2- We get that [i?i,i22] = H. □ 

Lemma 5.3. Let M be a connected compact 2-manifold with nonempty 
boundary. Let n >2. Then the subgroup 

k 

f|Ker(rf,: P„(M) -> P„_i(M)) n Ker(ci„: P„(M) -> Pn-i(M)) 
1=1 

/ifls finitely many normal generators in Pn{M) for each 1 < k < n — 1. 

Proof. The proof is given by induction on k. The assertion holds for 
/c = 1 by Lemma 13. 8[ Suppose that the assertion holds for k — 1. 
Consider the short exact sequence of groups 

7ri(M \ {pu . . . ,P„-i}) ^ Pn{M) P„-i(M). 

Let [oji] G 7ri(M \ {pi, . . . ,pn-i}) represented by a small circle around 
Pi. By Lemma I3.8[ for each 1 < i < n — 1, the subgroup Ker((ij) fl 
Ker((i„) is the normal closure of [ui] in 7ii{M \ {pi, . . . Let 
Ri = Ker((ij) n Ker((i„). Note that 7ri(M \ {pi, . . . is a free 
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group with a basis containing the elements [wj] for 1 < i < n — 1. By 
Lemma I5.H 



f] Ri = [Ri, R2, ■ ■ ■ ,R, 



k\S 



1=1 



f] Ri,Rj 
je{i,...,j,-,k} 



because Ri is the kernel of 

di\: 7ri(M \ {pi, . . .,Pn~i}) — > 7ri(M \ {pi, . . . . . . 

for 1 < i < n — 1, and 

P] Ri = [Ri, R2, • • • , Rj-i, Rj+i, • • • , Rk\s- 
ie{i,...,'j,...,k} 

It should be noticed also that for normal subgroups Hi, H2 of a 
group G 

[HuHs] [H2,Hs] = [HiH2,Hs], 
see, for example, identity (2') of Proposition 1.1 in ^18j. It follows that 

nti(Ker(rf,)nKer(rfO) 



(5.2) 

< uU 

On the other hand, since 



n (Ker(di) n Ker((i„)), KeT{dj) fl Ker(4 
ie{i,...,'j,...,k} 



n (Ker(di) n Ker(d„)), Ker(rfj) 
ie{i,...,'j,...,k} 



Pi (Ker(rfi) n Ker(c/„)), Ker(rf_ 
ie{i,...,'j,...,k} 

for every j = 1, . . . , fc, we have 
(5.3) 

k k 

fl(Ker(rf,)nKer(rf„)) = J] 



< f|(Ker(c?,)nKer(c?„)), 
1=1 



Pi (Ker((ii) fl Ker(ci„)), Ker(c/j 
ie{i,...,i,...,fe} 



By induction, the subgroup f] (Ker((ij) fl Ker((i„)) has finitely 

je{i,...J,...,fc} 

many normal generators for every j = 1, . . . ,k. From the short exact 
sequence of groups 



7ri(M \ {pi, . . . ,Pk-l,Pk+l, ■ ■ ■ ,Pn-l }) ^ P„(M) P„-i(M) 
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the subgroup KeT{dk) has finitely many generators. By Lemma [521 the 
commutator subgroup 

fl (Ker(rf,)nKer(rf„)),Ker(c;,) 
_je{i,...,i,...,fc} 

has finitely many normal generators for every j = 1, . . . ,k and hence 
the group f]^^^(Ker((ij)nKer((i„)) has finitely many normal generators. 
The induction is finished. □ 

5.2. Proof of Theorem ll.2L The proof is given by two different cases. 
Case 1. M is a connected compact manifold with nonempty boundary. 
By Lemma [5.31 

n-l 

Brun„(M) = p| Ker(cii) n Ker(ci„) 
1=1 

has finitely many normal generators in P„(M). Thus the factor groups 
P„,(M)/Brun„(M) and 5„(M)/Brun„(M) are finitely presented. 
Case 2. M is a compact closed manifold. Let M = M \ {qi}- Using 
the exact sequence of the fibration of Theorem 13.11 and induction on n 
we conclude that the inclusion f : M ^ M induces an epimorphism 

Since 

Brun„(M) = ((Aa,^))^"^^^), . . . , ((A„_i,„))^"(^)]5, 
we have 

/:(Brun„(M)) = ((A^,.))^"^*^), . . . , ((A„_i,„))^"(^^)]<,. 

From the fact that Brun„(M) has finitely many normal generators in 
Pn{M), the subgroup 

has finitely many normal generators in P„(M). 

If M 7^ 5*^ or RP^ with n > 3, then, by Theorem 11.11 and Proposi- 
tion [3]6l the subgroup 

Brun„(M) = [{{A,,n)f"'^''\ {{A2,n)f-^''\ {{Ar,^i,n)f"'^^% 

has finitely many normal generators in P„(M). Thus P„(M) /Brunn(M) 
and P„(M)/Brun„(M) are finitely presented for M 7^ 5"^ or MP^ with 
n > 3. 
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If M = S\ then P3iS^)/Brnns{S^) = {1} and B3iS^)/Brnn3{S^) = 
Z/2. For n = 4, Brun4(S'^) has 5 generators according to [31 Proposi- 
tion 7.2.1]. Thus P4(^^)/Brun4(52) and B^iS^) /BiuHiiS^) are finitely 
presented. For n > 5, by Theorem 11.11 Brun„(S'^) is a finite extension 
of the subgroup 

because 7r„_i(S'^) is finite. Thus Brun„(S'^) has finitely many normal 
generators in P„(5'^) and so the assertion holds for the case M = S"^. 

If M = MP^, then Brun3(MP^) has 9 generators according to Propo- 
sition iH Thus P3(Rp2)/Brun3(Mp2) and P3(Mp2)/Brun3(Mp2) are 
finitely presented. For n > 4, by (3) of Theorem 11.11 together with 
fact that 7r„_i(S'^) is finitely generated, the subgroup Brun„(MP^) has 
finitely many normal generators and so the assertion holds for the case 
M = MP2. □ 

6. Some Remarks 

6.1. An algorithm for determining a free basis for Brunnian 
Braids. By Lemma |3.8[ for having a free basis for Brun„+i(M), it 
suffices to determine a free basis for 

n 

(6.1) fl Ker(d,| : 7r,{M \ fe, . . . ^ 7ri(M \ {p,, ■■■■■ 

i=l 

Let M be connected 2-manifold with nonempty boundary and let uji 
be a small circle around Pi. Then 

7ri(M \ {pi, . . . = F{So U {H, . . . , K]}), 

where 7ri(M) = F{So). Let S" be a set and let T be a subset of S. By 
a projection homomorphism 

vr: F{S) -> F{T) 

we mean here a group homomorphism such that 

X if X E T, 
1 if x^T. 

Note that for each subset T of S* there is a unique projection homo- 
morphism tt: F{S) — )■ F{T). In our case, the homomorphisms di\ are 
projection homomorphisms in the following sense: 
Let S' = 5*0 U {[cji], . . . , [oJn]} and let 

Ti = 5*0 U {[Ui], [Ui-i], [cUi+l], . . . , [Un]} 

for 1 < i < n. Then 

di\: F{S) FiT,) 



7r(x) 
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is the projection homomorphism for each 1 < i < n. The algorithm 
in [201 Section 3] provides a recursive formula to determine a free basis 

n 

for the intersection subgroup f] Ker((ij|) given as follows: 

i=l 

For X a reduced word in alphabet S and y a reduced word in alphabet 
T, define by induction on the word length of y: 

1) fi{x, y) = X if y is the empty word; 

2) fi{x, y) = [fi{x, y'), z^] if y = y'z^ with z E T and e = ±1. 

Let V" be a set of reduced words in alphabet 5* and be a set of 
reduced words in alphabet T, a sub-alphabet of 5*. Define a set of 
words in alphabet S: 

A(y)w = {lJ'{.x,y) \x and y G W}. 

By [201 Proposition 3.3], A{{S\T})p(T) is a free basis for the kernel of 
the projection homomorphism vr: F{S) — )■ F{T). Now for the subsets 
Ti, ... ,Tn of S, construct a subset 

A{Ti,...,Tk) 

of F{S) by induction on for 1 < A; < n: 

(1) . AiT,)=A{{S\T,})p^T,). 

(2) . Let 

= {w e A{Ti) I w = [[x, yl^], y^'] with x, yj G T2 for all j} 
and define 

^(ri,r2) = ^(^(Ti))^(^(2)). 

(3) . Suppose that A(Ti, . . . ,Tk-i) is defined such that all of the 

elements in A{Ti, . . . , r^.i) are written as certain commutators 
in F{S) in terms of elements in S. Let 

^i''^ = {w e A{Ti, . . . , Tfc_i) I w = [x{\ . . . , xf] with xj G for all j}, 

where [xl^, . . . , x^'] are the elements in A(Ti, . . . , Tfc_i) that are 
written as iterated commutators. Define 

^(Ti, . . . , Tfe) = ^(^(Ti, . . . , Tfc_i))^(^(.)). 

fe 

By [20I Theorem 3.4], A{Ti, . . . ,Tfc) is a free basis for f] Ker((ij|) for 

i=l 

1 < k <n. In particular, 

^(Ti,...,T„) 

n 

is a free basis for f] Ker((ij|). 
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6.2. Bi-A-structure on braids, Brunnian braids and the inverse 
braid monoids. Let M be a connected manifold with DM ^ 0. Let 
a be a point in a collar of DM 

dM X [0, 1) C M. 

Then the map 

F(M, n) ~ F(M \ X [0, 1), n) F{M, n + 1), 

(Zi, . . . , Zn) ^ {Zi, . . . , Zi-i, a, Zi^i, . . . , Zn) 

induces a group homomorphism 

d': Bn{M) = 'K^{F{M,n)/T.^) ► 5„+i(M) = 7ri(F(M, n + l)/S„+i) 

for 1 < z < n. Intuitively, (P is given by adding a trivial strand in 
position i. According to [22| Example 1.2.8], the sequence of groups 
{Bn+i{M)}n>f) with faces relabeled as {c/q, rfi, . . .} and cofaces rela- 
beled as {dP , d^, . . .} forms a bi-A-set structure. Namely the following 
identities hold: 

(1) . djdi = didj+i for j > i; 

(2) . d^d' = d'+^d^ for J < i; 

{d^~^dj if j < i, 
id if j = i, 

d^dj^i if j > i. 

By restricting to pure braid groups, the sequence of pure braid groups 
{Pn+i{M)}n>o is a bi-A-group. According to |22j, Proposition 1.2.9], 
we have the following decomposition. 

Proposition 6.1. Let M be a connected 2-manifold with nonempty 
boundary. Then Pn{M) is the (iterated) semi- direct product of the sub- 
groups 

^ife^ifc-i...^n(Brun„_fe(M)), 

1 < ii < i2 < ■ ■ ■ < ik n, < k < n — 1, with lexicographical order 
from the right. □ 

The braids in the subgroup (i'^c?**-! ■ ■ ■ (i'^(Brun„_A;(M)) can be de- 
scribed as (n — k)-stTand Brunnian braids with k dots (or straight 
lines) in positions ii, . . . ,ik. This fits with terminology of inverse braid 
monoids [19]. 

Let M be any connected 2-manifold. Define a set 

fif (M) = {/3 e 5„(M) I = ^2/3 = ■ ■ ■ = d^P} 

Namely Sj^{M) consists of n-strand pure braids such that it stays the 
same braid after removing any one of its strands. A typical element in 



40 V. G. BARDAKOV, R. MIKHAILOV, V. V. VERSHININ, AND J. WU 

iO^(M) is the half- twist braid 

Proposition 6.2. Let M be any connected 2-manifold. Then the set 
i?^(M) is subgroup of Bn{M). Moreover di{^^{M)) C fi^_^(M) and 
the function 

d^ = d, = ... = dn: S)^{M) ^ i^f_i(M) 
is a group homomorphism. 
Proof Let /3,7 G Sj^{M). Then 

(6.2) d,(/37) = d,{/3)d,.^{^) = rfi(/3)rfi(7) = d,{/3)d,{^) 
for 1 < i < n. Thus /37 G i3^(M). From 

1 = d,{f3-'(3) = d,{f3-^)d,.^-i{l3) = d,{/3-')dm, 

we have 

for 1 < i < n. Thus S^^{M) is a subgroup of Bn{M). 
Now let /3 G i^^(M). From the identity 

dj{dif3) = dj{dif3) = di{dj+if3) = di{dif3), 

we have di/3 = di/3 G S^^_i{M). From equation (16.21) . 

di = dr.S^^{M)^S^^_,{M) 

is a group homomorphism and hence the result. □ 

Proposition 6.3. Let M be any connected 2-manifold. Let n > 2. 
Then S)f,{M) n P„(M) is a subgroup of S)^{M) of index 2. 

Proof. Consider the short exact sequence of groups 

Pn{M) ^ Bn{M) S„. 
The face function di: Bn{M) — )■ Bn-i{M) induces a unique face 

di '■ S„ y Sri— 1 

such that 

°qn = Qn-l O df 

for each 1 < i < n. Let S)^ = g„(i^f (M)). Then there is a left exact 
sequence 

n 

4 = 1 

By direct calculation, fllLi Ker((if ) = {1} for n >3. Thus 
rff o . . . o rff : i^^ ^ iof = Z/2 
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is a monomorphism for n > 3. Since the half- twist braid An has 
nontrivial image in i^^, we have 

= Z/2 

for n > 2 and hence the resuh. □ 

Let fi„(M) = io^(M) n P„(M). Then rfi(iD„(M)) < ^„_i(M). This 
gives a tower of groups 

... ^ Sj^^M) ^ S)n-i{M) ^ . 



Let S){M) = hm io„(M) be the inverse hmit of the tower of groups. 

n 

Proposition 6.4. Let M be any connected 2-manifold such that M ^ 
52 orMp2. Then 

is an epimorphism for each n >2. 

Proof. If M is a connected 2-manifold with nonempty boundary, the as- 
sertion follows from [2_2j Proposition 1.2.1] by using the bi-A-structure 
on {P„+i(M)}„>o. 

Suppose that M is a closed manifold with M 7^ 5^ or MP^. Let 
M = M \ {gi}. We show by induction that 

is onto for each k. Clearly the statement holds for k = 1. Assume that 
the statement holds for k — 1 with k > 2. Consider the commutative 
diagram 

Brunfe(M) ^ ^k{M) ^k-i{M) 



Brunfc(M) ^ iOfc(M) — iDfc-i(M), 

where the right column is onto by induction. By Theorem II. H 

Brunfc(M) Brunfc(M) 

is onto and so the middle column i^fc(M) — > iOfc(M) is onto. The 
induction is finished and so 



is an epimorphism for each n. From the right square in the above 
diagram, 
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is an epimorphism for each n > 2 and hence the result. □ 

Corollary 6.5. Let M be any connected 2-manifold such that M ^ S'^ 
or RP^ and let a G Bn{M). Then the equation 

diP = ■ ■ ■ = dn+if3 = a 

for {n + l)-strand braids (3 has a solution if and only if a satisfies the 
condition that 

dia = . . . = dnCi. 

Proof. If there exists /3 such that di(5 = ■ ■ ■ = dn+iP = a. Then 
a e io^(M) by Proposition 16. II and so dia = ■ ■ ■ = dnd- 

Conversely suppose that dia = ... = dna. Then a G S)^{M). If 
a G io„(M), then the equation in the statement has a solution for a 
by Proposition [631 If a ^ -^n(M), then A^a G i^n(M). Thus there 
exists 7 such that dij = ■ ■ ■ = dn+ij = Ana. Since c/iA„+i = • • • = 
dn+iAn+i = A„, we have 

diiKlil) = ■■■ = dn+i{A-l^j) = a 
and hence the result. □ 

Let M be a connected 2-manifold with nonempty boundary. For 
n > k, the James-Hopf operation is defined as a function 

Hk,n. Brunfc(M) ► -fl„(M) 

by setting Hk,k{,P) = f3 with 

(6.3) Hk,nm= n d'-'d'-'^-^---d'^{f3) 

l<n<i2<-<i„_fc<n 

with lexicographic order from right for /3 G Brunjt(M). The function 
Hk,n satisfies the property that 

diHk,n{P) = Hk,n-l{(3) 

for l<i<n, k<n and (3 G Brunfc(M). Thus the sequence of 
elements {Hk^niP)} lifts to Sj{M) that defines a function 

Hk,oo: Brunfc(M) ► i3(M). 

According to [22l Theorem 1.2.4], we have the following proposition. 

Proposition 6.6. Let M be a connected 2-manifold with nonempty 
boundary and let a G i5„(M) with 1 < n < oo. Then there exists an 
unique element 6k{a) G Brunfe(M) for 1 < k < n such that the equation 

n 

a = Y\_Hk,n{Sk{a)) 

k=l 

holds. □ 



BRUNNIAN BRAIDS ON SURFACES 



43 



7. Acknowledgments 

This work was started during the visit of Jie Wu to the University 
MontpeUier 2 in December 2003 and it was continued during the visit 
of V. V. Vershinin to the National University of Singapore in July 2007. 
The main results were obtained during the stay of the four authors in 
Oberwolfach in the framework of the program RiP during May 18th 
- June 7th, 2008. The authors would like to thank the Mathematical 
Institute of Oberwolfach for its hospitality. The work was continued 
by the last two authors during the visit of the third author in the Insti- 
tute for Mathematical Sciences of the National University of Singapore 
during the program on Algebraic Topology, Braids and Mapping Class 
Groups December 4 - 19, 2008. He would hke to express his gratitude 
to the IMS. 

The first three authors were partially supported by the Russian- 
Indian grant. 

The last author is partially supported by the Academic Research 
Fund of the National University of Singapore R-146-000-101-112 

References 

[1] H. Baues and R. Mikhailov, Intersection of subgroups in free groups and 

homotopy groups, preprint. 
[2] P. BcUingcri, On presentation of surface braid groups, J. Algebra 274 

(2004), 543-563. 

[3] J. A. Derrick, F. R. Cohen, Y. L. Wong and J. Wu, Configurations, braids, 

and homotopy groups, J. Amer. Math. Sec. 19(2006), 265-326. 
[4] J. S. Birman, Braids, links, and mapping class groups, Annals of Math. 

Studies 82 Princeton University Press, (1975). 
[5] R. Brown and J. -L. Loday, Van Kampen theorems for diagrams of spaces, 

Topology 26(1987), 311-335. 
[6] J. Van Buskirk, Braid groups of compact 2-manifolds with elements of 

finite order. Trans. Amcr. Math. Soc. 122 (1966), 81 97. 
[7] G. Ellis and R. Mikhailov, A colimit of classifying spaces, arXiv: 

0804.3581vl [Math. GR]. 
[8] E. Fadell and L. Neuwirth, Configuration spaces, Math. Scand. 10 (1962), 

111-118. 

[9] D. L. Goncalves, J. Guaschi, The braid groups of the projective plane. 
Algebraic and Geometric Topology 4 (2004), 757 780. 

[10] G. G. Gurzo, The group of smooth braids., 16th All- Union Algebra Con- 
ference, Abstract II, 3940, Leningrad 1981. 

[11] D. L. Johnson, Towards a characterization of smooth braids. Math. Proc. 
Cambridge Philos. Soc. 92 (1982), 425-427. 

[12] H. Levinson, Decomposable braids and linkages. Trans. Amer. Math. Soc. 
178 (1973), 111-126. 

[13] H. Levinson, Decomposable braids as subgroups of braid groups. Trans. 
Amer. Math. Soc. 202, (1975), 51-55. 



44 V. G. BARDAKOV, R. MIKHAILOV, V. V. VERSHININ, AND J. WU 



[14] J. Y. Li and J. Wu, Artin braid groups and homotopy groups, Proc. London 

Math. See, 99 (2009), 521-556. 
[15] J. Y. Li and J. Wu, On symmetric commutator subgroups, braids, links and 

homotopy groups, Trans. Amer. Math. Soc, to appear, arXiv:1002.0429vl 

[math. AT]. 

[16] W. Magnus, A. Karrass and D. Solitar, Combinatorial group theory, In- 
terscience Publisher, 1966. 

[17] G. S. Makanin, Kourovka Notebook (Unsolved Questions in Group The- 
ory) Seventh edition. Novosibirsk. 1980, Question 6.23. p. 78. 

[18] J.-P. Serre,, Lie algebras and Lie groups,. 1964 lectures given at Harvard 
University. Corrected fifth printing of the second (1992) edition. Lecture 
Notes in Mathematics, 1500. Springer-Verlag, Berhn, 2006. viii+168 pp. 

[19] V. V. Vershinin, On the inverse braid monoid,, Topology AppL, 156 no. 
6, (2009), 1153 -1166. 

[20] J. Wu, Combinatorial descriptions of the homotopy groups of certain 
spaces, Math. Proc. Camb. Philos. Soc. 130 (2001), 489-513. 

[21] J. Wu, A braided simplicial group, Proc. London Math. Soc. (3)84 (2002), 
645-662. 

[22] J. Wu, On maps from loop suspensions to loop spaces and the shufHe 
relations on the Cohen groups. Memoirs Amer. Math. Soc. Vol. 180 No. 
851 (2006). 

SoBOLEv Institute of Mathematics, Novosibirsk 630090, Russia 
E-mail address: bard.cLkovQmath.nsc.ru 

Steklov Mathematical Institute, Gubkina 8, 119991 Moscow, Russia 
E-mail address: rmikhailov@mail.ru 

Departement des Sciences Mathematiques, Universite Montpellier 
II, Place Eugene Bataillon, 34095 Montpellier cedex 5, France 
E-mail address: vershini@math.uiiiv-montp2.fr 

Sobolev Institute of Mathematics, Novosibirsk 630090, Russia 
E-mail address: versh@math.nsc.ru 

Department of Mathematics, National University of Singapore, 2 
Science Drive 2 Singapore 117542 
E-mail address: matwuj @nus . edu . sg 
URL: www . math . nus . edu . sg/~matwuj ie 



